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Abstract. If Q is a non degenerate quadratic form on C n , it is well 
known that the differential operators X — Q(x), Y = Q(d), and H = 
E+ where E is the Euler operator, generate a Lie algebra isomorphic 
to sh- Therefore the associative algebra they generate is a quotient 
of the universal enveloping algebra U(sh)- This fact is in some sense 
the foundation of the metaplectic representation. The present paper 
is devoted to the study of the case where Q(x) is replaced by Ao(i), 
where Ao(a?) is the relative invariant of a prehomogeneous vector space 
of commutative parabolic type (g,V), or equivalently where Ao is the 
"determinant" function of a simple Jordan algebra V over C. In this 
Part I we show several structure results for the associative algebra gen- 
erated by X — Ao(x), Y — Ao(9). Our main result shows that if we 
consider this algebra as an algebra over a certain commutative ring A of 
invariant differential operators it is isomorphic to the quotient of what 
we call a generalized Smith algebra S(f,A,n) where / 6 A[t]. The 
Smith algebras (over C) were introduced by P. Smith as "natural" gen- 
eralizations of U(sh)- In the forthcoming Part II we will consider the 
Lie algebra C generated by X, Y and qI(V), the Lie algebra A generated 
by X and Y, and put B — (where g is the structure algebra). Then 
A and B are commuting subalgebras of C. Moreover the restriction of 
the natural representation of C on polynomials on V to A x B gives 
rise to a correspendence between some highest weight modules of A and 
the "harmonic" representation of B, which generalizes the Howe corre- 
spondence between highest weight modules of sh and ordinary spherical 
harmonics. The Lie algebras £ and A are infinite-dimensional except if 
Ao is a quadratic form, and in this case C is the usual symplectic alge- 
bra, A = sh and the above mentioned representation is the infinitesimal 
metaplectic representation. 



1. Introduction 

1.1. Let Sp{n, R) be the real symplectic group on rank n and let Sp(n, R) 
be its two fold covering group, the so-called metaplectic group. There is 
a unitary representation of Sp(n,M), constructed by Shale [Sh] and Weil 
[We], which we will call the metaplectic representation (and denote by tt), 
that is of considerable interest in representation theory. In this paper we 
will propose an infinitesimal generalization of the metaplectic representation, 
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which is different from the minimal representations. Let us recall some basic 
facts about this representation and the infinitesimal Howe correspondence 
between harmonic representations of o(n) and some lowest-weight modules 
of sl(2)^ 

Let U be the two fold covering group of the unitary group U in n vari- 
ables. The group U (respectively U ) is the maximal compact subgroup 
of Sp(n,M.) (respectively Sp(n,M.) ). The metaplectic representation ir of 
Sp(n,M) is usually realized in L 2 (R). However there exists a realization of 
the corresponding {spin, C), £/)-module of 7r, called the Fock model ([H-l]), 
where the space of i7-finite vectors is the space C[C n ] of polynomials in n 
variables. 

In order to describe explicitely the corresponding infinitesimal represen- 
tation 7r°° of the complexified Lie algebra spin, C), we need first to remark 
that spin, C) is 3-graded: 

spin, c) = y- ®q@V + 

where V~ ~ V + — Sym c = the space of symmetric n x n complex matrices 
and where g ~ Ql(n, C). More explicitely 

= {(o J A ),A€flZ(n,C)} 

and 

F+ = { (1) Symc} and V_ = {(y o),Y G Sym c }. 

Let Qx denote the quadratic form associated to the symmetric matrix X. 
In other words Qxix) = l xXx, where x is a column vector in C™. Let 
us also denote by Qxip) the differential operator with constant coefficients 
obtained by replacing xi by t£-. Then in the Fock model we have, for all 
P £ C[C n ] (see [H-l]): 

VX e V + ,tt°°(X)P(x) = Q x {x)P(x) 
Vy e V-,tt°°{Y)P{x) = Q Y {d)P{x) 

G g, tt 00 {A)P(x) = ^(x) + (A.P)(x) = ^%) + P'(x)(Ax) 

(1.1.1) 

On the other hand, if the quadratic form Qx is non degenerate (i.e if 
det(X) / 0), then we consider the embedding of into sp(n, C) defined by 

fa b \ f aid bX\ 

[c -a)^{cX^ -aid) (1A.2) 
From (1.1) and (1.2) we obtain the following s/2-triple of differential opera- 
tors: 

ft 

Y = Q x -i(d),H = E + -,X = Qx(x) (1.1.3) 

(Here and in the whole paper we adopt the following convention for SI2- 
triples (Y,H,X): 

[H, X] = 2X, [H, Y] = -2Y, [Y, X]=H). 
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Let us denote by 5^2, x the Lie algebra isomophic to s/2 generated by 
y, -ff, X. Let us also denote by o(Qx) the orthogonal algebra of Qx, viewed 
as a a subalgebraof <^-> sp(n, C). It is easy to see that the pair (o(Qx ),sh,x) 
is a dual pair, in other words these two subalgebras are mutual centralizers 
in sp(n, C). 

One of the most striking fact attached to the metaplectic representation is 
the Howe correspondence. Suppose that (Gi, G2) is a reductive dual pair in 
Sp{n, R) (this means just that the groups G\ and G2 act reductively on W 1 
and are mutual centralizers in Sp(n,M)). Then the pre-images G\ and G2 
under the covering map are again mutual centralizers in Sp(n, R). For sake 
of simplicity let us suppose that G\ is compact and denote by 31 and 02 the 
corresponding complexified Lie sub-algebras of G\ and G2. Then 7r °°| giXg2 
decomposes multiplicity free (see [H-3], Theorem 4.3 p. 190): 

^Vx S2 =©(^^M) (1-1-4) 
where V a is a finite dimensional irreducible module for Q\ and W^r^ is an 
irreducible module module for 02. Moreover the correspondence a — > /i(a) 
is a bijection, the so-called Howe correspondence. For the general result by 
Howe we refer the reader to [H-l]. 

In the case of the dual pair (o(Qx),sl2,x)i the Howe correspondence is 
given by 

*°°\„ (Qx) ^ x =^dn k ®M(k)) (1.1.5) 

where Hk is the space of spherical harmonics of degree k and where M(k) is 
a lowest weight module of sl2,x with lowest weight k + ^ (a discrete series 
representation) See [H-2], Theorem p. 833. 

Remark 1.1.1. It is worth noticing that the restriction of ir°° to sl2,x 
completely determines the metaplectic representation ir°°. This is due to the 
fact that the Lie algebra sp(n, C) is generated by sl2,x and by ~ Ql(n, C) 
and the fact that the action of gl(n, C) is the natural action, twisted by the 
character ^ coming from the unitarity of it (see (1.1.1)). 

From the preceding remark we see that the infinitesimal metaplectic rep- 
resentation is completely determined by the s/2-triple (1.1.3). More precisely 
given a non-degenerate quadratic form Q on C n one can reconstruct both 
the symplectic Lie algebra and the metaplectic representation. 

It is natural to ask if there exists such a theory if we replace Q by any 
homogeneous irreducible polynomial P. The present paper is devoted to 
the case where Q is replaced by Ao, the fundamental relative invariant of an 
irreducible regular prehomogeneous vector space of commutative parabolic 
type (q,V), or equivalently under the Koecher-Tits construction ([Ko],[Ti]), 
where Ao is the "determinant" function of a simple Jordan algebra over C. It 
should also be mentioned that these two categories of objects are equivalent 
to the hermitian symmetric spaces of tube type. 

1.2. This paper splits into two parts. The present first part, covered by 
sections 2 to 7 is essentially concerned with the study of various algebras 
of differential operators, in particular the algebra denoted %[X, Y], which 
is the generalisation of the associative algebra generated by the s/2-triple 
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(1.1.3). The forthcoming second part will concern the generalization of the 
metaplectic repesentation and an infinite dimensional correspondence which 
is analogue to the correspondence (1.1.5). 

Let us now give an outline of the Part I. 

In Section 2 we will briefly recall basic facts concerning Prehomogeneous 
Vector Spaces (abbreviated PV), more precisely those which are of commu- 
tative parabolic type. These objects are in one-to-one correspondence with 
3-gradings of simple Lie algebras. In particular we will define the rank of 
these objects as well as the inductive construction of strongly orthogonal 
roots which leads to the orbit structure. A key ingredient for the sequel is 
the multiplicity free decomposition of the polynomials on the PV. 

In section 3 we show that the Lie algebra a generated by Aq(x), Ao(<9) 
and E is infinite dimensional in each of his homogeneous component except 
if Ao has degree 1 or 2. 

In section 4 we show that the associative algebra T generated by Ao(x), 
Ao(x) -1 , Ao(<9) and E, which is the biggest algebra of interest to us, can 
be embedded in the Weyl algebra of a complex one-dimensional torus (that 
is the algebra of differential operators with regular coefficients) tensored by 
a polynomial algebra in r — 1 variables, where r is the rank. 

Various algebras of invariant differentiable operators related to different 
group actions occuring in our context are defined and studied in section 5. 
In this section we also introduce the Harish-Chandra isomorphism for the 
open orbit which is a symmetric space. This Harish-Chandra isomorphism 
will be an important tool for us. 

In section 6 we describe the center Z(T) of T and the ideals of T.We also 
prove that T and some other algebras are noetherian and we compute their 
Gelfand-Kirillov dimension. 

Section 7 contains the main result of this first part. We introduce there the 
so-called generalized Smith algebras S(R, /, n) where R is a commutative 
associative algebra over C, / € R[i] and n 6 N. We show that the algebra 
Tq[X, Y] (which is the "polynomial" part of T) is isomorphic to a quotient 
of such a Smith algebra. 

Acknowledgment: I would like to thank Sylvain Rubenthaler who pro- 
vided me with a first proof of Proposition 17.2.31 which was important for my 
understanding. 



2. Prehomogeneous vector spaces 



In this sections we summarize some results and notations we will need 
about Prehomogeneous Vector Spaces (abbreviated PV). 

2.1. Prehomogeneous Vector Spaces. Basic definitions and prop- 
erties. 

For the general theory of PV's, we refer the reader to the book of Kimura 
[Ki]. Let G be an algebraic group over C, and let (G,p,V) be a rational 
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representation of G on the (finite dimensional) vector space V. Then the 
triplet (G, p, V) is called a Prehomegeneous Vector Space if the action of G on 
V has a Zariski open orbit Q G V. The elements in are called generic. The 
PV is said to be irreducible if the corresponding representaion is irreducible. 
The singular set S of (G, p, V) is defined by S = V \ fi. Elements in 5 are 
called singular. If no confusion can arise we often simply denote the PV by 
(G, V). We will also write g.x instead of p(g)x, for g G G and x £ V. It is 
easy to see that the condition for a rational representation (G, p, V) to be 
a PF is in fact an infinitesimal condition. More precisely let be the Lie 
algebra of G and let dp be the derived representation of p. Then (G, p, V) 
is a PV if and only if there exists v G V such that the map: 

— V 

X i — ► dp{X)v 

is surjective (we will often write X.v instead of dp(X)v). Therefore we will 
call (0, V) a PV if the preceding condition is satisfied. 

From now on (G, V) will denote a PV. A rational function / on V is 
called a relatively invariant of (G, V) if there exists a rational character \ 
of G such that f(g.x) = x(g)P( x ) for g G G and x G V. From the exis- 
tence of an open orbit it is easy to see that a character \ which is trivial on 
the isotropy subgroup of an element x G f2 determines a unique relatively 
invariant P. Let S±, S2, ■ ■ ■ , Sk denote the irreducible components of codi- 
mension one of the singular set S. Then there exist irreducible polynomials 
Pi, P2, ■ ■ ■ , Pk such that Si = {x G V \ Pi(x) = 0}. The Pj's are unique up 
to nonzero constants. It can be proved that the Pj's are relatively invari- 
ants of (G, V) and any relatively invariant / can be written in a unique 
way / = P^P^ 2 . . . P" fe , where m G Z. The polynomials P u P 2 , . . . , P k are 
called the fundamental relative invariants of (G,V). Moreover if the rep- 
resentation (G, V) is irreducible then there exists at most one irreducible 
polynomial which is relatively invariant. 

The Prehomogeneous Vector Space (G, V) is called regular if there exists 
a relatively invariant polynomial P whose Hessian Hp(x) is nonzero on 
17. If G is reductive, then (G, V) is regular if and only if the singular set 
S is a hypersurface, or if and only if the isotropy subgroup of a generic 
point is reductive. If the PV (G, V) is regular, then the contragredient 
representation (G, V*) is again a PV. 

2.2. Prehomogeneous Vector Spaces of commutative parabolic type. 

The Py's of parabolic type were introduced by the author in [Ru-1] and 
then developped in his thesis (1982, [Ru-2]). A convenient reference is the 
book [Ru-3]. The papers [M-R-S] and [R-S-l] contain also parts of the results 
summarized here. Sato and Kimura ([S-K], [Ki]) gave a complete classifica- 
tion of irreducible regular and so called reduced PV's with a reductive group 
G (reduced stands for a specific representative in a certain equivalence class, 
the details are not needed here). It turns out that most of these PVs are of 
parabolic type. The class of PV's we are interested in, is a subclass of the 
full class of parabolic PV's, the so called PV's of commutative parabolic 
type. Let us now give a brief account of the results which we will need later. 
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Let g be a simple Lie algebra over C satisfying the following two assump- 
tions: 

a) There exists a splitting g = V" © g © V + which is also a 3-grading: 

[g,V+]cV+, [g,V-]cV-, [V-,V+]CQ 

[y+,y+] = {o}, [v-,v-] = {Q}. 

b) There exist a semi-simple element Hq G g and Xq £ V + , Yq £ V~ such 
that (Yq,Ho,Xq) is an s^-triple. 

One can prove, that under the assumption a) (g, V + ) is an irreducible PV 
(here the action of g on V + is the Lie bracket). In fact, as we will sketch 
now, g © V + is a maximal parabolic subalgebra of g whose nilradical V + is 
commutative, this is the reason why these PV's are called of commutative 
parabolic type. Assumption b) is equivalent to the regularity of the PV 
(g,V + ). We will now describe these PF's in terms of roots. Let j be a 
Cartan subalgebra of g which contains Hq. It is easy to see that j is also a 
Cartan subalgebra of 0. Let R be the set of roots of the pair (fj,j). The set 
P of roots occuring in g © V + is a parabolic subset. Therefore there exists 
a set of simple roots ^, such that if R + is the corresponding set of positive 
roots, then P C R + . Let co be the highest root in R and let R be the set of 
roots of the pair (g, j). Then \I> = n R is a set of simple roots for R and 
\t = VP U {cto}) where ao has coefficient 1 in w. What we have done up to 
now can be performed for all 3-gradings of g (in other words for all splittings 
of g satisfying the assumption a)). It is easy to see that the element Ho in 
assumption b) can be described as the unique element in j such that 



f a (H ) =0 Va€* 
\ a (H ) = 2 



Assumption b) means just that Hq is the semi-simple element of an sl2-triplc. 
Let wq be the unique element of the Weyl group of R such that wq(^>) = 
—ty. One can show that the preceding condition on Hq is equivalent to the 
condition wo(o;o) = — «o- This leads to an easy classification of the regular 
PV's of commutative parabolic type. From the preceding discussion we 
deduce that these objects are in one to one correspondence with connected 
Dynkin diagrams where we have circled a root ao, which has coefficient 1 
in the highest root and such that t«o(ao) = —ctQ. In the following table we 
give the list of these objects and also the corresponding Lie algebra g, and 
the space V + . 
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Tablel 











V+ 




• — • • — (§) — • • • 


Sln+i X Sln+i X C 


M n (C) 


B 




In— 2 A ^ 


c 2 ™~ 2 


Cn 


• — • — • • • <(§) c n 




MS n (C) 


Dl 


®— • • • • «f D n (n > 4) 


50 2n -l X C 


C 2n-1 




. . . *^<®D 2n (n > 2) 


0bn(C) 


^<S 2n (C) 


E 7 


• 


E 6 xC 


C 27 



We need to get more inside the structure of the regular PVs of commutative 
parabolic type. First let us define the rank of such a PV. Let .Ri be the 
set of roots which are orhogonal to ao (this is also the set of roots which 
are strongly orthogonal to ao). The set R\ is again a root system as well as 
R 1 = R 1 H R. Define 

h=J2 CH *> 0i =h® 

Then Qi is a semi-simple Lie algebra, ji is a Cartan subalgebra of Qi and 
the set roots of (fli, ji) is R\. Moreover if we set 0i = 0i fl g, = 0i fl V + 
and V{~ = 0i n V~, then ji is also a Cartan subalgebra of 51 and we have 

01 = Vf ©01 ®Vf. 

The key remark is that if we start with (0,0, V + ) which satisfies assumption 
a), the preceding splitting of gi is again a 3- grading satisfying assumptions 
a), in other words (qi,V^) is again a PV of commutative parabolic type 
(except that the algebra q± may be semi-simple, not necessarily simple). 
Moreover if (q, g, V + ) satisfies also b), then the same is true for (01, 0i, V^~). 

Let a\ be the root which plays the role of «o for the new PV of commutative 
parabolic type (0i,0i,V 1 + ). We can apply the same procedure, called the 
descent, to (Qi,Qi,Vi~) and so on and then we will obtain inductively a 
sequence 

••• C (h,8k,V+) C ••• C (01,01,^+) C (0,0, V + ) 

of PV's of commutative parabolic type. This sequence stops because, for 
dimension reasons, there exists an integer n such that R n ^% and such that 

Rn+l = 0- 
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The integer n + 1 is then called the rank of (g, V + ). 

Let us denote by ceo, Oi\, . . . , a n the set of strongly orthogonal roots oc- 
curing in V + which appear in the descent (the rank is also the number of 
elements in this sequence, it can be characterized as the maximal number 
of strongly orthogonal roots occuring in V + ). One proves also that if the 
first PV (q,V + ) is regular (i.e. if it satisfies b)), then = CX an , where 
X an G 0, X an + 0. 

Let G be the adjoint group of the and let G be the analytic subgroup 
of G corresponding to q. The group G is also the centralizer of Hq in G. 
The representation (G, Ad,V + ) is then an irreducible PV. Let G n be the 
subgroup of G corresponding to Q n . The descent process described before 
leads to a sequence of PK's: 

(G n , V+) C (G n _i, V+_, c ■ ■ ■ C (d, V+) C (G, V + ) (2-2-1) 

The orbital structure of (G, V + ) can the be described as follows. Let us 
denote as usual by X y a non zero element of q 1 . 
Define 

= i I\ = X ao + X ai , . . . , Ifc = X ao + X ai + • • • + X ak , . . . , 

In = I + = X aQ + X ai + • • • + X an . 

Then the set 

{0,I+,I+,...,I+ = /+} 

is a set of representatives of the G-orbits in V + (there are rank(G, V + ) + 1 
orbits). The orbit G.I + is the open orbit £l + C V + . 

The Killing form B of q allows us to identify V~ to the dual space of V + 
and the representation (G, V~) becomes then the dual PV of (G, V + ). One 
can similarly perform a descent on the V~ side, and obtain a sequence 

(G n , F-) C (G„_!, V7_! C ■ ■ ■ C (Gi, Ff) C (G, V~) (2-2-2) 

of PVs, where the groups are the same as in (2 — 2 — 1). The PV (Gi, V~) 
is dual to (Gi, V^). The set of elements 

{o,/ -,/r,...,/- = /-> 

where I~ = X_ ao + + • • • + is a set of representatives of the 

G-orbits in V~ . The orbit G.I~ is the open orbit Q~ C F - . We will always 
choose the elements X_ ai such that (X- ai ,H ai ,X ai ) is a s^-triple. If the 
PV (fl> ^ + ) satisfies the assumptions a) and b), then iJo = + + 
• • • + H an and (I~ ,H$,I + ) is a sl2-triple. More generally, under the same 
hypothesis, if Hi = H ao + H ai H h i? Qi , then (I~ ,Hi,I+) is a sl 2 -triple. 

We suppose from now on that (G, V + ) is regular. Remember that this 
means that it satisfies assumption b). Let Ao be the unique irreducible 
polynomial polynomial on V + which is relatively invariant under the action 
of G. Let Ai be the unique irreducible polynomial on V-^ which is relatively 
invariant under the group G\. We have V + = © V± where W± is the 
sum of the root spaces of V + which do not occur in V±~. Therefore for 
x = y\ + x\ (x\ € V^,yi € W^), we can define Ai(x) = Ai(xi) and hence 
the polynomial Ai(x) can be viewed as a polynomial on V + . Inductively 
we can define a sequence Aq, Ai, . . . , A n of irreducible polynomials on V + , 
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where the polynomial Aj depends only on the variables in and is, in 
general, not relatively invariant under G , but under Gi C G. It can be 
shown that <9°(A;) =n + l-i = rank(G, V+) - i. 

Let H C G be the isotropy subgroup of / + and let f) C Q be its Lie 
algebra. Another striking fact concerning the irreducible regular PV's of 
commutative parabolic type is that the open orbit G/H ~ $7 + is a symmetric 
space. This means that f) is the fixed points set of an involution of 55 (this 
involution can be shown to be exp ad(I + ) exp ad(/~) exp ad(/ + )). Let us 
denote by B~ the Borel subgroup of G defined by — \P. One can show that 
V + is already a PV under the action of B~ . More precisely the fundamental 
relative invariants of (B~,V + ) are the polynomials Ao, Ai, . . . , A n . The 
open i?~-orbit in V + is the set 

0+ = {x G V + I A (x)Ai(x) . . . A n (x) ± 0}. 

Symmetrically, if B + is the Borel subgroup of G defined by the repre- 
sentation (B + ,V~) is also a PV, and the fundamental relatively invariant 
polynomials is a set 

{as, a;,..., a;} 

of irreducible polynomials where d° (A*) = n + 1 — i = rank(G, V + ) — i. Of 
course these polynomial are obtained by a descent process similar to the one 
described before on V + . Moreover the polynomial Aq is the fundamental 
relatively invariant of (G, V~). 

Let B be the Killing form on q. Then for any polynomial P* on V~ , we 
define a differential operator P*(d) with constant coefficients on V + by the 
formula 

p *( d yB(x,y) = p( y } e B(x,y) f or x g V + ,y G V~ . (2 - 2 - 3) 

The differential operators Aq(<9) and Ao(x) (multiplication by the func- 
tion Ao(x)) will play an important role in this paper. From the fact that 
{B~ , V + ) has an open orbit it is easy to see that the space C[F + ] of polyno- 
mialson V + , viewed as a representation space of G decomposes multiplicity 
free. For a = (a , a ± , . . . , a n ) € N n+1 , let V a be the G-submodule of C[V+] 
generated by A a (x) = Aq°(x)A" 1 (x) . . . A^ n (x). Then V a is an irreducible 
G-module with highest weight vector A a (x) (with respect to — VP). Moreover 
the representations V a and V a > are not equivalent if a 7^ a' and 

<C[V + ] = © a6N n + iVa (2-2-4) 

Remark 2.2.1. Let G/K be a hermitian symmetric space, let 0c = Pc © 
fee ffi Pc be the usual decomposition of the complexified Lie algebra of G. 
Then of course the preceding slitting is a 3- grading of Qc. Moreover this 
3-grading verifies also assumption b) at the beginning of section 2.2. if and 
only if G/K is of tube type. Conversely it can be shown that any PV 
of commutative parabolic type can be obtained this way from a hermitian 
symmetric space of tube type. 

Similarly if J is a simple Jordan algebra over C, and if struc(J) is its 
structure algebra, then from the Koecher-Tits construction ( [Ko] , [Ti] ) it is 
know that one can put a Lie algebra structure on J © struc(J) © J, and this 
splitting is a 3-grading which verifies assumption b). Conversely if (G, V + ) 
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is a PV of commutative parabolic type, then one can define on V + a Jordan 
product which makes V + into simple Jordan algebra (see also [F-K]). 

3. Some algebras of differential operators 



3.1. Definitions and basic properties. 

For any smooth affine algebraic variety M, we shall denote by C[M] the 
algebra of regular functions on M. If M = U is a vector space, then C[U] 
is the algebra of polynomials on U. As S + = V + \ 0, + is the hypersurface 
defined by Ao, the algebra C[f2 + ] of regular functions on Q + is the algebra 
of fractions of the form P G C[V + ]. 

We shall denote by D(M) the algebra of differential operators on M. For 
example if U is a vector space, the algebra D(C7) is the Weyl algebra of 
U. If Di, D2, ■ ■ . , -Dfc is a finite family of elements in D(M), we will de- 
note by C[D\, D2, . . . , Dk] the subalgebra (with unit) of D(M) generated by 
Di, D2, . . . , -Dfe. Of course C[Di, D%, . . . , Dj.] is also the set of linear combi- 
nations of monomials in the noncommutative generators D±, D2, ■ ■ ■ , D^. 

If g is any algebraic diffeomorphism of the variety M, and / € C[M], we 
define the function r g f G C[M] by T g f{x) = f(g~ 1 x), x G M. Then for any 
D G D(M), we also define T g D G D(M) by T g D = r g o Do r g -i. 

We define two differential operators in D(y + ) by 

X = Ao(x) (multiplication by Ao(x)) 
Y = A* {d). (defined by (2 - 2 - 3) 

We will also consider the Euler operator E on V + which is defined on any 
P G C[V+], by 

EP{x) = ^P(tx) t=1 = P'{x)x. 

Let us recall from [R-S-l] page 424, rel(4-4), that if xo is the character of 
Ao, we have: 

VjeG, r g X = Xa (g- l )X 

r g Y = Xo (g)Y (3-1-1) 
Tg E = E. 

Let be the Lie sub-algebra of D(V + ) generated by X, Y and E and let 
A be the associative sub-algebra of D(F + ) generated by X, Y, E and C 
(A = C[X,Y,E\). 

The algebra D(f2 + ) is the algebra of differential operators on V + whose 
coefficients lie in C[0 + ] . Of course one has B(V + ) C D(f2+). 
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We also introduce another differential operator X 1 £ D(Q + ): 

X^ 1 = Aq(x)^ 1 (multiplication by Aq(x)^ 1 ). 
Let T be the associative sub-algebra of D(Q + ) generated by X, Y, E, X^ 1 
and C (T = C[E, X, X' 1 , Y}). The inclusions 

acAcT 

are obvious. 

Remember that the space C[V + ] decomposes multiplicity free (see (2—2—4)) 
under the action of G: 

<C[V+] = F a (3-1-2) 

agN n+l 

where V a = V ao> ,„ !an is the irreducible G-sub module generated by Aq° . . . A^ n = 
A a . Sometimes it will be convenient to use the following notations. If 
a = (ao, . . . ,a n ) £ N n+1 , then we will write a = (ao,a), where a = 
(a\ . . . , a n ) G N n , and we will denote V(o,a) by V a . 

It is easily seen that V a = Ag°Vb,a lr ..,a„ = Ag°Va. 

More generally the space C[r2 + ] also decomposes multiplicity free under G: 

c[n + }= K (3-1-3) 

aeZxN" 

with the same definition for the spaces V a . 

We make the convention that if z = (zq, . . . , z n ) is any set of variables, then 
for any integer p € Z, z + p = (zo + p, z%, ■ ■ ■ , z n ) and z = (z±, . . . , z n ) 

It is easy to see that the operator X maps V a onto Va+i and is a G' and q' 
equivariant isomorphism, where G' is the derived group of G and q' its Lie 
algebra. The same way the operator Y maps V a into V a -\ and is G' and q' 
equivariant ([R-S-l], Lemme 4.3 page 424). 

If P € Va, then YP = Ma)^ = WiajX^P ([R-S-l], Remarque 4.5.), 
where by is a polynomial in n + 1 variables, which we will call the Bernstein- 
Sato polynomial or the b-function of the operator Y. If X = (Xq, . . . ,X n ) 
then we have, under a suitable normalization 

b Y (X) = f[(X + ...+X j +j^), (3-1-4) 

j=0 

where i = fc ~/ n ~tV , k = dimV + (it can be noted that this constant is 

2 n(n+l) ' \ 

the same as the constant also denoted by d in the theory of simple Jordan 
algebras over C, cf. Remark l2,2.ip . 

This explicit computation of the polynomial by has been obtained by sev- 
eral authors, using distinct methods (see [B-R], [F-K], [K-S], [Wa]). As a 
consequence of this, it is easy to see that the operator Y has a kernel 7^[V + ] 

^The polynomials Ao and Aq are only denned up to nonzero constants. We suppose 
here that Aq(J + ) = 1 and then we choose Aq such that (3 — 1 — 4) holds 
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(the "harmonic" polynomials) in C[V + ] which can be described the following 
way: 

n[V+]= V a =0V~. (3-1-5) 

ae{0}xN n aeN™ 

The preceeding decomposition has been obtained, without the explicit knowl- 
edge of by, by Rubenthaler-Schiffmann ([R-S-l] Theoreme 4.4.) and Up- 
meier ([Up], Theorem 2.6.). This decomposition means that the restriction 
of Y to V a is an isomorphism onto V a -\ except if a G {0} x N n . 

We will now define Z-gradings on a, A and 71 Recall that the operators E, 
X, X' 1 and Y act naturally on the space C[fi+] . Let C[V+] = ©£L C n [V+] 
be the natural grading of the polynomials by the homogeneous degree. The 
homogeneous degree also defines a grading on the regular functions on Q + : 

c[n+] = ® ne zC n [n+}. 

Define for each p G Z: 

Op = {D G a | D : Va ^ Va+p, Va G N" +1 } 

= {D G o | L> : C m [ft+] i — ^ C m+ (™ +1 ) p [ft+], Vm G N} 
= {D G o | [£7, D] = p(n + 1)D} 

A p = {DeA\D:V a ^ V a+P , Va G N n+1 } 

= {D £ A \D : C m [n + ] i — ^ C m+ ( n+1 ) p [^+], Vm G N} (3-1-6) 
= {£> G .A 1 [£, £>] = p(n + l)D} 

T p ={D £T\D:V a ^ V a+P , Va G N n+1 } 

= {D £ T\D : C m [n+] i — ^ C m+ ( n+1 >[^+], Vm G N} 
= {D G T | [£, D] = p(n + 1)1?} 

Of course one has E G ao, X G ai, X -1 G 71 1 and 1" G a_i. Moreover 

a = ©pgNdp, -4 = ©p S N-4p, 7" = ©pgpjTp (3-1-7) 

and these decompositions are Z-gradings of Lie algebras or associative alge- 
bras. 

An element D belonging to T p defines a g'-equivariant map from V a to V a + p . 
As V a and Va+p are irreducible g'-modules, there exists a constant &o(a) 
such that for each P G V a , we have DP = &£>(a)AQP. It is easy to see that 
bo is a polynomial (in n + 1 variables). 

Definition 3.1.1. If D is a differential operator in T p the polynomial bo{s) 
defined before is called the Bernstein- Sato polynomial or the b-function of 
the operator D. 

3.2. First results concerning o, A, and 71 

Theorem 3.2.1. If the degree of the polynomial Aq is not equal to 1 or 
2 (that is if n > 1), then the Lie algebra a is infinite dimensional. More 
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precisely for any p G N the space a p is infinite dimensional. As a consequence 
A p and T p are also infinite dimensional. If Ao is a quadratic form, then 
the Lie algebra a is isomorphic to a semi-direct product s/2(C)xc, where 
c is one dimensional central. If Ao is of degree one then the Lie algebra 
a is isomorphic to the semi-direct product H^xCE where H3 is the three 
dimensional Heisenberg Lie algebra generated by X and Y. 

Proof. 

If the degree of Ao = 1, then dimV + = 1 and it is clear that the two 
operators x and J| generate the three dimensional Heisenberg Lie algebra. If 
Ao is a quadratic form it is also well known that [Y, X] = {k = dim V + ) 

and therefore the Lie algebra generated by X and Y is isomorphic to 3/2 (C). 
(see for example [Ra-S] or [H-3], p. 199). This fact is in some sense the key 
point of the construction of the Weil representation. It implies the result 
for this case. 

Suppose now that the degree of Ao is > 3. 

For any D G A we shall denote by <9°&d the degree of bo in the ao variable. 
The formula (3 — 1 — 4) shows that d°by = n + 1. Let D G Aq and suppose 
that d°b D = p , define D = [Y, D] G A-i. Let P G V a . We have 

DP =YDP-DYP = (b Y ( a )b D ( a )-b D ( S L-l)b Y (z))£- ) 

= Ma)(i D (a)-Ma-l))£ 1 " j 

This proves that b^ = by(a)(&£i(a) — — 1)) and therefore <9°6g = p + n. 
Let D = [X, [Y, D\\ = [X, D\. Let us compute DP for P G V a . We get: 

DP = XDP - DXP = (6 5 (a) - 6 5 (a + 1))P. 

Therefore 6~(a) = 65(a) — 6^(a + 1) and hence d°b~ = p + n — 1. 
Remark that if n = 1 (i.e. if Ao is a quadratic form), then <9°6~ = d°b£> 
and if n = (i.e. if Ao is a linear form), then <9°6~ = d°bo — 1. 

Define now inductively the operators H q G 00 by H\ = [X, Y] , H q = 
[X, [Y, H q -i]]. As bff^a) = fry (a) — 6y(a + 1) has degree n in ao, one 
has d°b Hq = (g - l)(n - 1) + n. 

Therefore there exists operators in ao whose Bernstein-Sato polynomial has 
an arbitrarily large degree in ao- Hence dimao = +00. 

Let p > and let D G a p . Define D\ = [X, D\. An easy computation 
shows that 6^ (a) = °£>(a) — &D( a + !)• As we have just proved that there 
exists operators D G ao such d°bo is arbitrarily large, the preceeding calcu- 
lation shows inductively that in a p (p > 0) too, there exists operators whose 
Bernstein-Sato polynomial has an arbitrarily large degree in ao- Therefore 
dim a p = +00 for p > 0. 

If p < and if D G a p , define D\ = [Y,D] G a p -\. An easy computation 
shows that »Di(a) = fry (a) (fez? (a) — &o(a— 1)). The same argument as before 
proves that dima p = +00. 

□ 
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Remark 3.2.2. The fact that dim a = +oo (but not the assertion con- 
cerning dim dp) is also a consequence of a result by Igusa ([Ig]). Our proof 
is different from his. 

Proposition 3.2.3. The Lie algebra an, as well as the associative algebras 
Ao and Tq are commutative. 

Proof. It is enough to prove the result for Tq. Let D\ and D2 be two op- 
erators in Tq with Bernstein-Sato polynomials bo ± and brj 2 respectively. 
An easy calculation shows that for any a, 6m lj £) 2 i(a) = brj 1 (a)&D 2 ( a ) — 
6z) 2 (a)6 Dl (a) = 0. Therefore [D U D 2 ] = 0. 

□ 



4. Embeddings of a, i and T into C[t,t \ t^] ® C[Xi, • • • ,X n }. 

4.1. Vector space embedding of C[t, t _1 ]0C[Xo, • • • ,X n ] into End(C[n + ]). 

Recall from (3-1-3) the following multiplicity free decomposition of C[0 + ] 
into irreducible representations of G: 

aeZxN" 

If P € V a: then 

XP = A P € V a+1 (4-1-1) 

YP = b Y ( S L)-^- = b Y (a)X~ 1 PeV a - 1 (4-1-2) 
^0 

EP = 6 £ (a)P G V a (4-1-3) 
where we know from (3 — 1 — 4) that 

n d 

b Y (X) = H(X + --- + X j +j-) 

j=0 

and where 

b E (K) = (n + 1)X + nX 1 + . . . + X n (4-1-4). 

Therefore the operators E, X, Y, X~ l are very well understood as elements 
of End(C[£l + ]). More precisely the operator E is diagonalisable on C[f2 + ], 
the eigenspaces are the spaces V a and E acts on each V a by multiplication 
by the value at a of the polynomial b E - Similarly the action of Y "goes 
down" from V a to V a -\. More precisely the action of Y on V a is the action 
of X^ 1 (division by Ao) together with the multiplication by the value of the 
polynomial by at a. 

The preceeding remarks suggest that there is an embedding of the vector 
space C[t, (g> C[Xq,- ■ ■ ,X n ] into End(C[Q + \) . Let us make this more 
precise. 



2 We thank Thierry Levasseur for pointing out the result of Igusa. 
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If U and V are vector spaces over C we will denote by C(U, V) the vector 
space of linear maps from U to V. 

Let us also remark that from the preceeding decomposition of C[f2 + ] we get: 
End{C[n + ])= £{V a ,C[tt + }) (4-1-5) 

aeZxN" 

Definition 4.1.1. For aeZx N™, P G C[X l7 . . .,X n ], q G C[M _1 ] we will 
denote by <p a (q <£> P) the element of £(V a , C[Q + ]) defined by: 

Q a € V a , ip a (q ® P)Q a = P(a)q(A )Q a 

( '~p a defines a linear map from 

C[t, r 1 } ® C[X , ■ ■ ■ , X n ] into £(V a , End(C[Q + ])) 

by the universal property of tensor products). 
We then define, using (4 — 1 — 5), an element 

ip G £(C[M _1 ] ®C[X ,--- , X n ], End(C[Q + ])) by 

<P= Va- 

Proposition 4.1.2. The linear map : 

ip : C[t, t' 1 ] ® C[X , ■■■ ,X n ] — ► End(C[n + ]) 

is injective and its image is stable under the multiplication ( composition of 
mappings) in End(C[Q + }) . 

Proof. Any element u in C[t, t -1 ] <8> C[Xq, • • • , X n \ can be written as a finite 
sum _ 

u = ^t i ®P i i G Z, Pi G CLY ,--- 

Suppose that u G ker Then for any Q a G V a we have: 

= p(u)Q a = ®P0Q« = ^^(a)A^Q a . 

This implies that -Pi (a) = for all i and all a, and therefore ip is injective. 
To prove the stability under multiplication it suffices to prove that for any 
R,Se C[X , ■■■ , X n ] and £,m G Z the endomorphism ip(t m ® R)(p(t e ® S) 
belongs to the image of tp. If Q a G V a , we have (^(t™ - <8> R)ip(t £ <8> 5)Q a = 
V?(t m <g>P)S(a)A^Q a = R(a+£)S(a)A™ +e Q a = ip(t m+i '®{T_ e R)S)Q a where 
t £ R(X) = R(X - i) and where X - i = (X - t, X lt . . . , X n ). This proves 
that the image is stable under multiplication. 

□ 

4.2. Algebra embedding of C[t, t _1 , t^]®C[Xi, • • • ,X n ] into End(C[Sl + ]). 

Recall that if A and B are two associative algebras the tensor product A®B 
is again an algebra, called the tensor product algebra, with the multiplication 
defined by 

oi,a 2 G A, 61,62 € B (ai <g> 6i)(a 2 <8> 6 2 ) = aia 2 <8> &1&2 (4-2-1) 

The tensor product algebra C[t, t" 1 ] <S> C[Xq, ■ ■ ■ ,X n ] is commutative. On 
the other hand the algebra End(C[fl + ]) is of course non commutative. 



16 



HUBERT RUBENTHALER 



The linear injection ip denned in the preceeding section is therefore not 
an algebra homomorphism. But we will use <p to define a new multipli- 
cation in C[t,i _1 ] (8 C[Xq,--- ,X n ] by setting for q,r G C[t, t^ 1 ] and for 
P,Q £ C[X , ■■■ , X n \: 

(q <8 P)(r <8 Q) = ^ _1 (<^(g <8 P)v>(r <8 Q)) (4 - 2 - 2) 

More explicitly it is easy to see that for m, I G Z and P,Q £ C[Xq, ■ ■ ■ , X n \ 
we have: 

(t m ® P)(t< (g)(5) = t m +' ® (r_^P)Q (4-2-3) 

With this multiplication C[t,t _1 ] (8) C[Ao, • • • , A n ] becomes a non commu- 
tative associative algebra. 

We will denote by C[i, t -1 ,ijr] = C[i, t -1 , 4] the algebra of differential op- 
erators on C* whose coefficients are Laurent polynomials. In fact, using the 
notation introduced at the beginning of the section 3, C[t,* _1 ,t^] is D(C*), 
the Weyl algebra of the torus. 

Proposition 4.2.1. The algebra C[i,i _1 ] (8<C[Xo,--- ,X n ] whose multipli- 
cation is defined by (4 — 2 — 3) is isomorphic to the tensor product algebra 
C[t, t -1 , i^] <8) C[Xi, • • • , X n ] (extended Weyl algebra of the torus). 

Proof. We define first an isomorphism 

: c[m _1 ] ® c[x , • ■ ■ ,A n ] —►c[t,t~\t^]®c[Xi,--- ,X n ] 

between the underlying vector spaces. After that we will prove that u is in 
fact an algebra isomorphism. 

A vector basis of C[t,t~ l ] <g> C[Ao, . . . ,X n ] is given by the elements t m (8 
X°°X° 1 . . . I n "» (m G Z, «i G N). Let us define a linear map: 

^(f™ (g> Xq°X"' l ...X^)= t m {t^) a ° (8 1 . . . A" n (4-2-4) 

On the other hand the elements t m (t4f) a ° g)!* 1 . . . X*" define a vector basis 
of C[t, t- 1 ,^] (8 C[Xi, ■ ■ ■ , X n ]. Therefore the linear map v is effectively a 
vector space isomorphism. 

Let us recall that if X = (Ao, . . . , A n ), then X = (Ai, . . . , X n ). In order to 
prove that v is an isomorphism of algebras, it is enough to prove that 

v[(t m ® X l A(X))(t e ® X 3 B(X))] = v[t m ® X l A(X)]u[t e ® A^P(X)] 

(4-2-5) 

for any m, £ G Z, i, j G N and for any A, B G C[Ai , . . . , A n ] , where the first 
product is defined by (4 — 2 — 3) in C[t, t~ l ] (8 C[Ao, . . . , X n ] and the second 
one is the usual product in the tensor algebra C[t, i -1 , t4z] (8 C[Ai, • • • , A n ]. 

We will need the following lemma whose easy proof by induction is left to 
the reader. 

Lemma 4.2.2. For any i, j G N, t G Z: 

(4)¥(4) j = y f 
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We have then: 

v[(t m ® X l A(X))(t e ® X 3 B(X))] = u[t m+e ® (X + £yX 3 A(X.)B(X)] 



p=0 

On the other hand we have 



v[t m ® XjA(X)]i/[t' ® X J B(X)] = t m (tf t )H l {t±)i ® A(X)B(X) and then 
using Lemma 14.2.21 we get: 



□ 



The algebra Cfot -1 ,*^] ®C[X lr -- ,X n ] can be viewed as the algebra of 
differential operators on the torus C* with coefficients in C[Xi, • • • , X n ]. In 
other words any element of this algebra can be written as a finite sum of 
the form: 

^A r>a (X)t r (tj t y or £>,.CXK(|)' (4-2-6) 
where r G Z, s G N and A TjS ,B rjS 6 C[Xi, • • • , X n ]. 

Relations (4 — 1 — 1) , (4 — 1 — 2) and (4—1 — 3) imply then easily the following 
Corollary. 

Corollary 4.2.3. T/ie Lie algebra a is isomorphic to the Lie subalgebra of 

C[M~\t£| ®C[Xl,-- - ,X n ] generated by 

b E (ti t ,X x , ...,X n ) = (n + l)tf t +nX 1 + --- + X n , 

t and t-HyH^Xr,. ..,X n )= t" 1 ]l"=o(*l + *i + • • • + *i + if). 

Similarly A is isomorphic to the associative subalgebra generated by these 

generators and T is isomorphic to the associative subalgebra generated by 

b E (tf t ,X 1 ,...,X n ), t, t- 1 b Y (tj- t ,X 1 ,...,X n ) andt- 1 . 

Definition 4.2.4. An element D € D(f2 + ) is said to have a radial com- 
ponent if there exists an operator V£> £ D(C*) such that for any f € C[C*] 
one has D(f o Aq) = r£>(/) o Ao- The operator io is then called the radial 
component of D . 

Proposition 4.2.5. The operators E, X , X^ 1 and Y have radial compo- 
nents which are given respectively by 

*E=t£ t , T X =t, T X -l = \ 

ry = i 6y( ^, ,...,o) = in"=o(*l+ii) 

Proof. Only the formula for ry needs a proof. The Proposition 14.2.11 gives 
an algebra embedding 

$ = ( pov- 1 :C[M~\*4]®C[Xl,--- ,X n ] — ► End(C[n + \). 
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It is easy to see that if A e C[Xi, • • • , X n ], m S Z, n e N, then the operator 
^(X)t m (t^) n ) can be described as follows: 
for ao £ Z and Qg € Vg, we have 

^yl(X)t m (t^r)AS Q 5 = A(a)a%A a Q 0+m Q~ a = A{*)[t m {tj t ) n {t a ») o A ]Q 5 

(4-2-7) 

From Corollary one gets that Y = *(i -1 &y(t^|, X x , . . . ,X n )). There- 
fore, as Ao € V"( m ,...,o)) we deduce from (4 — 2 — 7) that 

FAo" = [i6y(t|,0,...,0)(t m )]oA . 
This gives r Y = \UU(ti + ji)- 

□ 

Remark 4.2.6. In the A<ik-\ case (notation as in Table 1) the relative 
invariant Ao is the determinant of a k x k matrix, and Y = det(<9). The 
radial component has been calculated by Rai's ([Ra], page 22). He obtained 
that ry = Ilj=2(^ whereas the preceeding formula leads to ry = 

llli=o(^S j) ^ n ^ na t case I = -*■)• ^ simple computation shows that 
these two differential operators are the same. 



5. Several Algebras of Invariant Differential Operators. 
5.1. A first result. 

We are in a situation where two different groups, G and G', act on two affine 
varieties, namely f2 + and V + . This gives rise to the following four algebras 
of invariant differential operators: 

D(ft+) G , D(ft+) G ', D(y+) G , B(V + f. 

Proposition 5.1.1. Every G-invariant differential operator on £l + has poly- 
nomial coefficients, i.e. D(f2 + ) G = D(V + ) G . 

Proof. This result is well known, even in the C°° context (see for example 
[Y], Remark 2, and [No]). It is usually proved by exhibiting a set of gener- 
ators of D(f2 + ) G which have polynomial coefficients. We give here a direct 
proof. Recall from (3 — 1 — 2) and (3 — 1 — 3) the decompositions of C[V + ] 
and C[f2 + ] into irreducible representations of G: 

c[v + }= v a , c[n+}= y a 

If D € D(f2 + ) G , then by Schur's Lemma D maps each V a into itself. There- 
fore such a D stabilizes C[V + ]. This implies that D G D(V + ) G . 

□ 

Among the preceding spaces the following inclusions are obvious: 

D(y+) G = d(^+) g 

I I 

Y>(y+f — > D(0+) G ' 



HOWE CORRESPONDENCE I 



19 



In this chapter we will give several descriptions of these algebras. 

5.2. The Harish-Chandra isomorphism for G/H and a first descrip- 
tion of D(ft+) G ~ T>{G/H) G . 

As J7 + ~ G/H is a complex symmetric space it is well known that D(f2 + ) G ~ 
D(G/H) G is isomorphic to a polynomial algebra through the so-called Harish- 
Chandra isomorphism. 

For the convenience of the reader let us first recall some details of the Harish- 
Chandra isomorphism for G/H. In fact what is needed here is an algebraic 
version of this isomorphism because our algebras of differential operators 
are defined algebraically. It can be easily deduced from the "real analytic 
case" given in [H-S], Theorem 4.3. part II. 

Let q be the orthogonal complement of f) in q with respect to the Killing 
form of g . Therefore one has = h © q. It is known ([B-R], Chap. 5) that 
t = Y17=o ^H ai is a maximal abelian subspace of q. 

Let S = t) be the set of roots of (§, t) and let £ = S(g, t) be the set of 
roots of (0, t). Of course the roots in £ are just the restrictions to t of the 
roots of R. It is possible to define an order on £ such that if a € R + , then 
the restriction a = a\ t belongs to £ + (see [B-R], Chapter 5, for example). 
The Weyl group of £ is denoted by W. Let 

n+ = E s 7 < n ~= E 7 (5-2-1) 

where, as usual, 7 denotes the root space corresponding to 7. Then we 
have the decomposition 

g = f)et©n~ (5-2-2) 

and therefore, using the Poincare-Birkhoff-Witt Theorem, the universal en- 
veloping algebra U(g) of decomposes as follows: 

W(fl)=S(t)0(W(fl)f) + n-W(fl)) (5-2-3) 

where S(t) is the symmetric algebra of t. Let us denote by 7' the projection 
from ^(0) onto S(t) defined by the decomposition (5 — 2 — 3). 
Let U(q)^ be the space of elements in U(g) which commute with f). It is 
known that 7' is a surjective algebra homomorphism from U(g)^ onto S(t) 
([D] 7.4.3.) . 

The space S(t) is canonically identified with the space of polynomial func- 
tions on t*. Let p = \ Sags- ^ anc ^ define for any A € t* and any z £ U{q): 

7 (z)(A)=y(z)(A-p) (5-2-4) 

The map 7 factorizes through U(g)t) PiU(q)^ and defines an isomorphism of 
algebras (still denoted by 7): 

7 : W(fl)V«(0)& n U{q)* — S{t) w (5-2-5) 

where S(i) w is the algebra of W invariants in S(t). 

This isomorphism is called the Harish-Chandra isomorphism. 
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On the other hand, if X € and ip G C[G], one defines an element X G 
D(G) (the left invariant differential operators on G) by: 

V«£G X V (g) = j t <p(gexptX) u=0 (5-2-6) 

The map XhI extends to a map U ^ U from ZY(g) to D(G)^ G . 
For / G C[G/H] = C[Q + ] put / = / o tt where vr : G -> G/F is the 
canonical projection. The map / i— ► / is then an isomorphism from C[G/H] 
onto C[G]^. Let us denote by tp ^ Tp the inverse mapping from C[G]^ onto 
C[G/H] given for ^ G G by Tp(g) = ip(g). 

It is easy to verify that if U G U{$)^ and if / G C[G/H], then Uf G C[G] H . 
For U G W(fl)& and / G C[G/H], define £>[/ G D(G/H) by: 

(D u f)(g) = Uf(9) = Uf(g) 
Then it is easy to see that Djj G Y)(G/H) G . Let us call r this map U i-> A/. 
It is well known that the map r again factorizes through W(fl)f) r\U(g)^ and 
defines an isomorphism of algebras (still denoted by r): 

v : W( ) VW(fl)f) n W(fl)* — > D(G/F) G (5-2-7) 

From (5 — 2 — 5) and (5 — 2 — 7) we deduce the following theorem (which is 
sometimes also called the Harish- Chandra Isomorphism ([H-S], Th. 4.3)): 

Theorem 5.2.1. The map 7 : T>(G/H) G — ► S(t) w defined for U G 
U^q)^ /W(fl)f) nW(g) 1 ' fry 7(r(J7)) = 7(C)") (where j(U) has been defined in 
(5 — 2 — 5)) is an isomorphism of algebras. 

The next proposition gives a way to compute the image of a given element 
D G Y)(G/H) G under the Harish-Chandra isomorphism. Put p~ = t © n~. 
Let A be a character of the group R p - = exp t. exp n~ C G. We will also 
denote by A the corresponding infinitesimal character on t. Let f A G C[G/H] 
be a dominant vector with weight A. This means that: 

VbeR p -,VgeG/H f A (bg) = A{b)f A (g) (5-2-8) 
For D = r(U) G B(G/H) G define i(D) = j'(U). 
Proposition 5.2.2. We have: 

VD G T>(G/H) G , Vg G G/H Df A (g) = 7 '(D)(A)f A (g) = 7 (D)(A + p)f A {g). 

Proof. Although the preceding result is already known in different forms, 
we give a short proof for the convenience of the reader. As Rp-H is open in 
G, it is enough to prove that 

V6 G R p -,VU G U(q)\ Duf A {b) = y(U)(A)f A (b). 

As b = na with a G T = expt and n G N~ = expn~ and as both Djj and 
f A are left invariant under N~ , it is enough to prove that 

Va G A, Duf A (a) = j'(U)(A)f A (a). 

Let U G U{q)^. Then from (5-2-3) we can write U = i{U) + D 1 X + YD 2 
where Y(i7) G S*(t), X G f), V G n~and Di,D 2 G W(g). Using the invariance 
properties of f A it is easy to see that Xf A = and YD2f A (a) = 0. Therefore 
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we have A/ /a (a) = TJf\{a) = 7 / ([7)/a(o) l for all a G T. But for X G t, it 
is almost obvious that Xo/a(o) = Xo(A)f\(a). The proposition follows. 

□ 

For I = 0, . . . , u define the differential operators Di by 

Di = A l Q - e A (d)A £ = X l ~ £ YX £ (5-2-9) 

These differential operators were probably first considered by A. Selberg in 
the case of cones of classical types (see [Ter]). They were also used by Yan 
[Y] who proves the analogue of the following Theorem for symmetric cones. 
These results on symmetric cones can also be found in the book by J. Faraut 
and A. Koranyi ([F-K]). 

Theorem 5.2.3. The operators Dq, . . . , D n are algebraically independent 
generators o/D(f2 + ) G . In other words: 

D(f2+) G = C[D ,...,D n }. 

Proof. First of all it is easy to see that the operators Di are G-invariant 
(and therefore they have polynomial coefficients by Proposition 15. 1 . 1~1 Using 
now the Harish-Chandra isomorphism 7 from Theorem 15 .2. II it is enough to 
prove that the elements ^(Dq), 7(^1), . . . , 7(-D n ) are linearly independent 
generators of S(t) w . We first need the following lemma. 

Lemma 5.2.4. The root system E(jj,t) is always of type C n +\ and the root 
sytem S(g,t) = S is always of type A n . 

Proof. Define 

Eij(k, I) = {X G I [Ha. , X] = kX, [H a . , X] = IX, [H ap , X) = if p + i, j} 
and 

Ei{k) = {X G 9 I [H ai , X~\ = kX, [H ap ,X] = Oifp + k}. 
We know from [M-R-S, Lemme 4.1.] that: 

n 

V+ = % © ^( 2 ) (5 - 2 - 10) 

i<j i=0 

and 

n 

= Eiji-1, 1)0 Ei(0) © Eij{l, -1) (5 - 2 - 11) 

i<j i=0 i<j 

Moreover one has ©iLo^i(O) = 3 (t). The preceding decompositions show 
that the spaces Eij(l, 1) and Ei{2) are the root spaces of the pair (g, t). Let 
Si = \cti be the dual basis of the basis H ai . Now it is clear that the positive 
roots of S(g,t) are the linear forms £j + £j (i < j), — Sj (i < j) and 2ej. 
This characterizes the root systems C n+ i and A n . 

□ 
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End of the proof of Theorem 15.2.31 

As a corollary the Weyl group W of £ is isomorphic to the symmetric group 
S n +i of n + 1 variables acting by permutations on the coordinates with 
respect to the Oj's. In order to compute j(Di) we need to know the highest 
weight of the fl-module V a with respect to p~ . This highest weight has been 
computed in [R-S-2](Lemme 3.8 p. 155). The result is as follows (recall that 
a= (a ,...,a n )): 

A(a) = -o o^ - (o + ai)al — . . . — (oq H h a n )a^ (5 - 2 - 12) 

(where aj denotes the restriction of a j to t) . 
It is now convenient to make the following change of variables: 
r i = Yli=o a t (i = 0,...,n) and r = (r ,ri, . . . ,r n ). 

Note that 

aeZxf «r = (r 0j n,...,r n ) eZ" and r < r 1 < r 2 < ■ ■ ■ < r n . 

Let us write A(r) instead of A (a). Then 

n 

A(r) = -Y^nal (5-2-13) 
i=0 

We need also to compute p. This computation again has already been made 
in [R-S-2], (Lemme 3.9. p. 155). The result is the following: 

p = -Jl ( ^-^) = -JZ^ n - ( 5 - 2 - 14 ) 

i<j i=0 

On the other hand a simple computation shows that: 

n ^ 

b De (s , ...,s n ) = by(s + £,si, ...,s n ) = Y[( s o +£ + si + ... + Si + i-) 

i=0 

(5 - 2 - 15) 

Prom (5-2-15), (5 - 2 - 14) and Prop. [5X2] we get 

7 '(^)(A(r)) = b Dt {B) = Y[(n + 1 + Q (5 - 2 - 16) 

i=0 

Hence, from (5 - 2 - 13) , (5 - 2 - 14) and (5-2-16): 



7 (^)(A(r)) = 7W(A(r) - p) = 7 '(A)(- 5><* - ^ D n " 2 ^ 

1=0 8=0 

n d d 

= 1 '{Di)C£ j {-r i --n+-i)al) 

i=0 

= f[(r i + jn + £). (5-2-17) 

i=0 

As expected by Theorem l5.2.3l the polynomials j(De)(ro, . . . , r n ) = nr=o( r *+ 
jn + £) are invariant under S n +x. Moreover it is easy to prove (and well 
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known) that these polynomials are algebraically independent generators of 
the algebra of symmetric polynomials. Thus Theorem 4.2.3. is proved. 

□ 

Let us note the following corollary of the proof. 

Corollary 5.2.5. For any D G T$, let &o(r) be the polynomial in the r 
variable defined by bp- Let p = |(— n, — n + 2, . . . , n). Then 

7(Z>)(r) =b D (r-p). 

Remark 5.2.6. As E G D(f2+) G , we deduce from Theorem [5.2.31 that T = 
C[E,X,X- X ,Y] = C[X,X-\Y} (E is already a polynomial in X,X-\Y). 
In fact this is also a consequence of Theoreme 1.1. in [R-S-2]. 

5.3. Connections with T and Tq. 

We will obtain in this section various descriptions of T and Tq in terms 
of invariant differential operators, and also a characterization of D(Y + ) G 
(see Theorem 15.3.31 below) . 

Theorem 5.3.1. 

1 - T = D(Y+) G = D(ft+) G ~ B{G/H) G 

2 - T = D(ft+) G '. 

Proof. The equality D(Y + ) G = D(f2 + ) G has already been proved in Prop. 
4.1.1. It is clear from relations (3 — 1 — 1) that the operators in Tq are G- 
invariant. Therefore T C D(0+) G . The converse inclusion is a consequence 
of Theorem 4.2.3. Thus the first assertion is proved. 
Let A G D(ft+) G '. Then A = Y.i& A i ( fimte 

sum), where [E, Ai\ = iA{. 
This means just thet Ai has global degree i. As E is G'-invariant, it 
is clear that each A\ is also G'-invariant. Let a £ N n+1 be such that 
the restriction of Ai to V a is non zero. From the G'-invariance we de- 
duce that there exists I G Z such that the operator Ai maps V" a into 
@t&y&+t-, and then, for degree reasons, the components Ai are equal to 
zero unless % = (n + 1)^, £ G Z, and A = X^iez ^i(n+lV Then the operator 
A^"*^4j( n+1 ) = X~ l Ai^ n+ i^ is G'-invariant and verifies [E, Aj( n +i)] = 0. As 
the Euler operator is the infinitesimal generator of the center of G, we obtain 
that X~M i(n+1) G D(ft+) G = C[A), • • • , D n ) (Theorem [5X31). Thus each 
Ai(n+l) i s a polynomial in the operators of the form X m YX p , and hence 
A G C[£,X,X-\Y] = T. 

□ 

As V a is a G-irreducible module, it is well known that the tensor G - 
module V a V* contains up to constant, a unique G-invariant vector R a 
(see for example [H-U]). Moreover as C[F + ] <8> C[F + ]* is G-isomorphic to 
~D(V + ), the element R a can be viewed as a G-invariant differential operator 
with polynomial coefficients. The operators R a are sometimes called Capelli 
Operators. Moreover the family of elements R a (a G N n+1 ) is a vector basis 
of the vector space B(V + ) G = D(0 + ) G 

Another description of the algebra D(S7 + ) G , which is due to Zhimin Yan 
is as follows. 
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Theorem 5.3.2. Let lj = (0, . . . , 0, 1, 0, . . . , 0) where 1 is at the j-th place. 
The elements XY = R\ , R\ 2 , . . . , R\ n are algebraically independent 
generators o/D(f2 + ) G . Therefore 

T = D(ft+) G = D(V+) G = C[XY, R u , R l2 , . . . , R ln ]. 

Proof. This is just a complex version of Theorem 1.9 of [Y]. 

□ 

Let C[X, Y, , i?i 2 , . . . , i?i J be the subalgebra of D(17 + ) generated by 
the variables X, Y, R^ , R\ 2 , . . . , R\ n . Note that the operators X and Y do 
not commute, and also that they do not commute with R\ 1 , Ri 2 , . . . , Ri n . 

Theorem 5.3.3. Denote by%[X, Y] the subalgebra o/D(f2 + ) generated by 
To, X and Y. One has: 

D(V+) G ' = C[X, Y, R ll ,R l2 ,..., R ln ] = %[X, Y] 

Proof. The inclusion C[X, Y, R ll: R l2 ,..., R ln ] C D(V r+ ) G " is obvious. 

Remember that the decomposition of C[F + ] into irreducible G'-modules 
is as follows: 

aeN n a >0 

Here the various Aq° Vg with the same a are G'-irreducible and G'-isomorphic, 
but if a b, then the G'-modules Aq°V~ and A b Q °V^ are non isomorphic. 
In other words the space (J) ao>0 AQ Vg is the isotypic component of the 
irreducible (harmonic) G'-module Vg = Tig (see (3 — 1 — 5)). 

The dual module of Ag°V^ can naturally be identified with A Q a °V~ C 
C[y + ]*. Then we know (see the above definition of the i? a 's) that the sub- 
module AqV§ <g) Aq J V~ C D{V + ) g ' contains a unique G'-invariant element 
namely X % R~YK 

Moreover the set of elements X l R^Y'j (i > 0, j > 0,5 G N n ) is a vec- 
tor basis of the space Y)(V + ) G . From the preceding theorem each i?g 
is a polynomial in i?i = XY, , Ri 2 , . . . , R\ n . Therefore D(V + ) G C 
C[X, Y, R^ 1 , R\ 2 , . . . , Ri n ] and hence 

D(V+) G ' =£[X,Y,R ll ,R l2 ,...,R 1 J. 

Obviously we have also the inclusion %[X, Y] C ~D(V + ) G ' . On the other 
hand, as the operators R\ 1 ,R\ 2 , . . . ,R\ n are G-invariant, they belong to 
T . Therefore T>{V + ) G ' = C[X, Y, R U ,R U ,..., R ln ] C T [X, Y]. This com- 
pletes the proof. 

□ 

Remark 5.3.4. Note first that in all cases R\ n = E. In the special case 
where G ~ SO(k) x C* and V + ~ C k , the preceding theorem yields 

D ( C fc)SO(fc) =C[Q{x),Q(d),E] 
where Q(x) = X = £* =1 x\, Q(d) = Y = £* =1 

This was proved by S. Rallis and G. Schiffmann ([Ra-S], Lemma 5.2. p. 
112). 
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6. More structure 
6.1. The automorphism r. 

Definition 6.1.1. The automorphism r of T is defined by: 

VD G T, t(D) = XDX- 1 (6-1-1) 

Proposition 6.1.2. The algebra Tq is stable under r and for any R G Tq 

one has: 

XR = t(R)X (6-1-2) 
RY = Yt(R) (6-1-3) 

Proof. If D G Tq, then for homogeneity reasons one has t(D) = XDX^ 1 G 
Tq. As XR = XRX^X, the identity (6 - 1 - 2) is obvious. 

We will now prove that (6 — 1 — 3) holds on each subspace V a . Let 6r the 
Bernstein-Sato polynomial of R. Then an easy calculation shows that the 
left and right hand side of (6 — 1 — 3) act on V a as bn(a — l)6y(a)X _1 . 

□ 

Proposition 6.1.3. 

1) Let Tq[X,X~ 1 \ be the subalgebra o/D(S7 + ) generated byTo, X and X^ 1 . 
One has 

T = T [X,X- 1 }. (6-1-4) 
More precisely any element D G T can be written uniquely in the form 

D = Y^ UiX 1 or D = Y^ X l Ui (finite sums) (6-1-5) 

with Ui G Tq. Therefore T is a free left and right TQ-module. 

2) Any element D in Tq[X, Y] can be written uniquely in the form 

D = Y^ u i Y i + ViX { or D = Y Y l Ui + ^ X l Vi (finite sums) 

i>0 i>0 i>0 i>0 

(6-1-6) 

with Ui,V{ G Tq. Therefore Tq[X,Y] is a free left and right TQ-module. 
Proof. 

1) Recall from Remark that T = Cpf,X~\y]. Therefore any 
D G T can be written as a linear combination of elements of the form 
u = X h Y kl . . . X il Y kl where ij G Z, kj G N . If p = Y? j=1 ij ~ %, then u = 
X h Y kl . . . X^Y^X-PXP = mXP and m = X h Y kl . . . XW k ^X~P G Tq. 

Suppose now that £V UiX 1 = (finite sum, itj G Tq). As UiX 1 G %, this 
implies that for all i, one has UiX" 1 = 0. As T is an integral domain, we 
have Ui = 0. 

2) From the definition the elements of Tq[X, Y] are sum of monomials 
M = X h R kl Y^ X i2 R k2 Yi 2 . . . X^R kk Y^ where i e ,j t > and where R ke G 
Tq. From Proposition [6X2 we obtain that M = X a R fi Y~i with 0,7 G N 
and Rp G Tq. Suppose now that M is homogeneous of degree p > 0, then 
M = X a Rf3Y^ = uX p where u = X a RpY~<X-P G Tq. If M is homogeneous 
of degree p < 0, then 7 > — p and M = uY~ p where u = X a RpY 1+p G Tq. 
This shows the existence of the decomposition (6 — 1 — 6). The uniqueness 
of the decomposition is proved as in 1). 
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□ 

The following corollary is then obvious. 

Corollary 6.1.4. The inclusion %[X,Y] = B(V+) G ' C T [X,X- 1 } = 
D(f2 + ) G = T is strict but these two algebras have the same "positive" part: 
for allp>0 one has T p = T [X, X' 1 ^ = T X'P = T [X, Y] p . 

6.2. The center of T. 

As in section 5.2., let Q = F) © q where f) is the Lie algebra of the generic 
isotropy group H and q is the orthogonal of f) with respect to the Killing 
form. Let S n+ i be the symmetric group in n + 1 variables tq,t\, . . . ,r n and 
let C\ 

r 0i r ij ■ ■ ■ i r n] n+1 be the algebra of symmetric polynomials. 

Recall from section 5.2. that S n+ i is the Weyl group of the root sys- 
tem £ = S(g,t) where t = ^™ =0 CPT Qi is a maximal abelian subspace of 
q. Recall also that we have made the change of variables a « — ► r where 
r = (ro, n, . . . , r n ) is defined by T{ = Yl\=o a £- Then the highest weight 
A(r) of V a with respect to p~ is given by A(r) = — X^=o where aj 
denotes the restriction of on to t (see (5 — 2 — 13)). More generally any 
element r = (ro, r±, . . . , r n ) G C n+1 can be identified with the element 
A(r) = — Y^=o ri ^i G ^ e ma ke then, for any D G T, the convention 
that &£>(A(r)) = b D (r , ri, . . . , r n ) = b D (a , ai, . . . , a n ). 

Let p be the half sum of roots in Recall from (5 — 2 — 14) that 

p = j X^r=o( n — 2i)ZSJ. Then, as seen in section 5.2., the Harish-Chandra 
isomorphism 7 : D(f2 + ) G = Tq — ► C[ro, r±, . . . , r n ] Sn+1 is given by 

VDeT , 1 (D)(r ,r 1 ,...,r n )=b D (A(r)-p) (6-2-1) 

Denote also by r the isomorphism of C[ro,n, . . . ,T n ] ,Sn + 1 defined for P G 
C[r ,ri,...,r n ] 5 "+! by 

r(P)(r ,ri,...,r n ) = P(r + l,ri + l,...,r n + l) (6-2-2) 

Let us denote by C[ro, ri, . . . , r n ] Sn+1 ,T the algebra of r- invariant symmetric 
polynomials. 

Recall that we have previously also denoted by r the conjugation by X 
in T (see (6 — 1 — 1)). An easy calculation shows that for D G Tq we have 
fe r-i(D)( a o,ai, ...,a n ) = b x -i DX (ao,ai, ...,a n ) = b D (a + l,ai, . . . ,a„). In 
the r variable this gives 6 T -i( D )(r , n, . . . , r n ) = bo{ro + 1, n. + 1, . . . ,r n + 
1) = T(b D )(r , 7*1, . . . , r n ). Therefore the two definitions of t are coherent 
in the sense that they correspond under the Harish-Chandra isomorphism. 
More precisely we have: 

VDGTo, 7 (r- 1 ( J D))(r) = T( 7 ( J D))(r) (6-2-3) 

Lemma 6.2.1. For an operator D G % the following conditions are equiv- 
alent: 

i) t(D) = D (i.e. D commutes with X). 
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ii) Va £ N n+1 , &o(a + 1) = &rj( a ) where as in section 3.1., a + 1 = 
(a + l,ai, . . . ,a n ). 

Hi) j(D) £ C[ro, ri, . . . , r n ] Sn+1 ' T (i.e. j(D) is T-invariant). 

Proof. This is just a consequence of (6 — 2 — 3) and of the discussion before. 

□ 

Theorem 6.2.2. Let Z(T) be the center of T . 

1) Then D G Z(T) if and only if D G T$ and D commutes with X (i.e. 
t(D) = D). 

2) The center of T is also the center ofT [X,Y], i.e. Z(T) = Z(T [X,Y]) 

3) Z(T) is also the set of elements D in To such that 6rj( a ) does not depend 
on aQ. 

4) Z(T) = 7 - 1 (C[r ,r 1 ,...,r n p™+^). 

Proof. Let D G T. Using the Z-gradation we can write D = ^2 Di (finite 
sum), where D G %,. Suppose now that D G Z{T). Then [E, D] = = 
^2(n + l)iDi. Therefore Dj = if i ^ 0, thus D € T$. Moreover, of course, 
D commutes with X. 

Conversely suppose that D G Tq and that DX = XD. Then from Prop. 
16.1.31 we obtain that D commutes with every element in T, i.e. D € Z(T). 
The first assertion is proved. 
The second assertion is obvious. 

The third and the fourth assertions are consequences of the first one and of 
Lemma 16.2.11 

□ 

Remark 6.2.3. As a consequence of the preceding theorem it can be noticed 
that an operator D £ Tq which commutes with X, automatically commutes 
with Y. 

Lemma 6.2.4. Let A4 be the hyperplane of C n+1 defined by 

M = {(ro,n,...,r n ) eC n+1 \r + n + --- + r n = 0}. 

Let I(M) = {Pe C[r ,n,...,r n ] s ™+i\P lM = 0}.Then 

I(M) = (r + r 1 + --- + r n )C[r ,r 1 ,...,r n ] 5 ' l + 1 and 

C[r , n, . . . , r n f"+i = C[r , n, . . . , r n f"+^ T I(M) (6-2-4) 

Proof. Let P £ I(A4). As M. is an irreducible hyperplane defined by the 

irreducible polynomial ro + r\ + • • • + r n , we have P = (tq + t\ -| h r n )Q 

where Q € C[ro, r%, ■ ■ ■ ,r n ]. As P and ro + r\ + • • ■ + r n are S'n+i-invariant, 
the polynomial Q is also S^+i-invariant. Hence 

I(M) = (r + n + h r n )C[r + n + h r n ] Sn+1 . 

Define F = C.(l, 1, . . . , 1). Then C n+1 = M F. Let Q G C[A^] 5 ' l+1 be an 
.Sn+i-mvariant polynomial on Ai. Then Q can be extended to a polynomial 
Q on C n+1 by setting: 

VmeM,V/£F Q{m + f) = Q{m) (6-2-5). 

Then Q G C[r ,ri,...,r n ] "+ 1,T . In fact P — ► is a bijective map 
from C[ro,ri, . . . , r n ] Sn+1,T onto C[A4] s ' n+1 , whose inverse map is Q — > Q. 
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Let P G C[r ,r 1 ,...,r ri ] s "+ 1 ' T D I(M). Then P\ M = 0, and as P is also 
r-invariant we get P = 0. Hence C[r , n, . . . , r n ] s "+ 1 ' T n I(.M) = {0}. 
On the other hand for any P G C[ro,ri, . . . ,r n ] Sn+1 we have P = P\ M + 
(P — P\ M )- The polynomial P| M € C[ro,ri, . . . , r n ] Sn+1 ' T and the polynomial 

(P — P\ M ) vanishes on M.. Therefore (P — P\ M ) G I{M). This proves 
(6-2-4). 

□ 

An easy induction on the degree of P leads to the following corollary. 

Corollary 6.2.5. Let P G C[ro, r±, . . . , r n ] Sn+1 . Then P can be uniquely 
written in the form 

v 

P(r ,ri, . . . ,r n ) = ^Jaj(r ,ri, . . . ,r n )(r H h r n ) p 

i=0 

where ct{ G C[ro,7T, . . . , r n ] Sn + 1,T . 
Proposition 6.2.6. 

T = Z(T) (BET (6 - 2 - 6) 

Proof. As before let 7 be the Harish-Chandra isomorphism between Tq and 

C[r ,n, . . .,r n ] Sn + 1 . As b E (a) = (n + l)a + na x H ha n = r + n + 

hr n , one has j(E)(r + r 1 -\ h r„) = 6 s (A(r) - p) = X)it=o( r ' + 

|(n — 2i)Z5j)) = X^r=o r *( = ^s(r))- Therefore, using Theorem 16. 2. 2} the 
decomposition (6 — 2 — 6) is just the image under 7 -1 of the decomposition 
(6-2-4). 

□ 

Corollary 6.2.7. 

1 ) Let H G Tq. Then H can be uniquely written in the form: 

H = H + EH\ + E 2 H 2 + ■■■ + E k H k where H k G Z(T) 

2) Let D G T , then D can be uniquely written in the form: 

D= H k/ E f 'X k or D= ^ H k/ X k E e (finite sums) 

kez,een fcez/eN 

where H k g G Z(T) 

3) Let D G Tq[X, Y], then D can be uniquely written in the form: 

D= ^ H k,iE £ Y k + ^2 H 'r,s ESxr (fi nit e sum) or 

k£N*,teN reN,s€N 

D = J2 H k/Y k E t + ^2 H r,s X ' rES (finite su m) 
where H k ^,H' rs G Z(T) 

Proof. The first assertion is a direct consequence of Proposition 16.2.61 As- 
sertions 2) and 3) are consequences of 1) and Proposition 16.1.31 

□ 



HOWE CORRESPONDENCE I 



29 



Remark 6.2.8. It may be noticed that (0j<o^) © E% © {®i>Q%) is not a 
subalgebra of T. Indeed it was shown in [R-S-2] that there exists an operator 
ujx G 71 i such that = \ + -j^E and this operator does not belong 

to ET Q . 

6.3. Ideals of 71 

Let J be a left (resp. right) ideal of 71 Then J is said to be a graded left 
(resp. right) ideal if J = ©j G z Jj where Jj = J C\%. 

Theorem 6.3.1. 

1) Let J be a graded left ideal ofT , then J = ®j g zJ ! Jo- Conversely if Jo is 
any ideal of the (commutative) algebra %, then J = ®i e %X l Jo is a graded 
left ideal of T . 

2) Let J be a graded right ideal ofT, then J = ®i € zJoX' 1 . Conversely if Jo 
is any ideal of the (commutative) algebra %, then J = ®i & iJoX % is a graded 
right ideal of 71 

3) Let J be a two-sided ideal of 71 Then J is graded, Jo is a r-invariant 
ideal of% and J = ®i^%X % Jo = ®i^zJoX l . Conversely if Jo is a t -invariant 
ideal of To, then J = ©jgzX'Jo = ®i^zJoX % is a two-sided ideal ofT. 

Proof. Let J = (Bi^zJi be a graded left ideal. Then Jo is an ideal of To 
and X 1 Jo C J n % = Ji and conversely X~ % Ji C J (1 To = Jo- Therefore 
J = ©iez-XVo- 

If Jo is an ideal of To, define J = (Bi^zX 1 Jo- Let Dj € Tj, then DjX 1 Jq = 
XiX i {X- i X-jDjX i )J . As (X^X-WjX 1 ) e %, we obtain that DjX^q G 
X' l+J Jo C J. Hence J is a graded left ideal. 
The proof for graded right ideals is the same. 

Let now J be a two-sided ideal. An element D £ J can be written uniquely 
D = YlU-e A, where A € %. As E G T , we have [E, D] = ED -DE G J. 

Moreover [E,D] = Yd=-i[ E , A] = Ei=£( n + !)*A G J - % iterating the 
bracket with E we get: 

fc = 0,l,...,2^ {&&E) k D = ^{n + l) k i k Di G J (6-3-1) 

The square matrix defined by the linear system (6 — 3 — 1) is invertible 
because its determinant is Van der Monde. Therefore each operator A 
belongs to J. Hence J is graded. 

As J is a two-sided ideal, we have AJoA" 1 C Jo, and this means that J is 
r-invariant. 

Applying part 1) and part 2) we see that J = ®i<^X l Jo = (Bi^zJoX 1 . 
Conversely let Jo be a r-invariant ideal of To. Define J = ©j £ zX l Jo. 
According to 1), J is a graded left ideal. But as Jo is r-stable one has 
X l JoX- 1 = Jo. Therefore J = ® i& (X i J A" i )A i = ©^JoX*. Then, 
according to 2), J is also a graded right ideal, hence two-sided. 

□ 

The preceding theorem shows that the two-sided ideals of T are in one to one 
correspondence with the r-invariant ideals of Tq ~ C[Xq,Xi, . . . , X n ] Sn+1 . 
For completeness we indicate how such ideals are obtained. 
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Proposition 6.3.2. Any ideal oJC[Xq, X±, . . . , X n ] Sn+1 which is t -invariant 
is generated by a finite number of t -invariant polynomials. 

Proof. Observe that r can be denned as an automorphism of the algebra 
C[Ao, X\ , . . . , X n ] by the same formula as in (6 — 2 — 2). Set Yq = Xq, Y\ = 
X\ — Xq, Y2 = Xi — Xi, . . . ,Y n = X n — X n+ \. Then for any polynomial 
P we have (tP)(Y , . . . , Y n ) = P(Y + l,Y u ..., Y n ). Therefore P is r- 
invariant if and only if it depends only on the variables Y\,...Y n . Let 



P = P d (Y u Y n )Y d + Pd_i(yi, . . . , Y n )Y*~ l + ■■■ + Po(Yi, . . . , y„) be the 



expansion of P according to the powers of Yq in the ring C[Y±, . . . , y n ][yo]. 
An easy induction on the degree d shows that Pd is a linear combination 
of P,tP,t 2 P, .... Then by induction the same is true for every coefficient 
Pi(Yi, . . . , Y n ) (0 < i < d). Note that the Pj's are r-invariant. 
Consider first an ideal J of CpQ), X\, . . . , X n ] which is (globally) r-invariant 
and suppose that P £ J. Then from above, we deduce that Pi £ J (0 < i < 



Let now Jo be a r-invariant ideal of C[Xo, X\,..., X n ] Sn+1 and put ao(Xo, . . . , X n ) = 

Xq + X\ -\ h X n . Suppose that P £ Jo. Then P — Pjctq is still in Jo and 

its degree in Xq is stricly less than d. By induction on the degree in Xq, we 
find that 



where every Pj is in Jo and is r-invariant and where every Qj belongs to 
C[Xq,X\, . . . ,X n ] Sn+1 . Hence the collection of all polynomials Pj for all 
P G Jo is a set of r-invariant generators for Jq. As C[Xq, X\, . . . , X n ] Sn+1 is 
noetherian, there exists a finite set of such generators. 



6.4. Noetherianity. 

Recall that a non commutative ring 1Z is said to be noetherian if the right 
and left ideals are finitely generated, or equivalently if the right and left 
ideals verify the ascending chain condition (see for example [MC-R]). 
Recall also that the rings T [X], Tq[X~\T = To^X" 1 ], T [Y], T [X,Y] 
are defined to be the subrings of D(fi + ) generated by Tq and by the elements 
X,X^ X ,{X, X^ 1 }, Y and {X,Y} respectively. 

Theorem 6.4.1 . The rings Tq [X] , Tq [A" 1 ] ,T = Tq [X, X' 1 } , Tq [Y] , Tq [X, Y] 

are noetherian. 

Proof. Let S be a ring and a G AutS 1 . A u-derivation of S is a linear 
map S : S — ► S such that 5 (si) = sS(t) + 5(s)a(t). Given a <r-derivation, 
the skew polynomial ring determined by a and 5 is the ring S[T,a,5] := 
S{T)/{sT - Ta(s) - 5(s)\s G S} (see [MC-R], section 1.2 for details) 
Recall from Proposition ^. 1.2l that for all R E Tq one has XR = t(R)X, YR = 
t^ 1 (R)Y, where t(R) = XRX^ 1 . Recall also from Proposition 16.1.31 that 
any element D € T = Tq[X, A -1 ] can be written uniquely D = X^iez u iX l , 
with m € Tq. The same easy argument shows that any element D £ Tq[Y] 
can be written uniquely D = J2iez u i^ 1 w hh itj € Tq. 



d). 




(6-3-2) 



□ 



HOWE CORRESPONDENCE I 



31 



These remarks imply that the rings To[X], TofA -1 ] and To[K] (which are 
subrings of D(f2 + )) are respectively isomorphic to the "abstract" skew poly- 
nomial rings Tq[T, t, 0] and 7o[T, t -1 ,0]. They are therefore noetherian by 
Theorem 1.2.9. of [MC-R]. 

The ring T = Tq[X, A -1 ] is similarly isomorphic to the skew algebra of 
Laurent polynomials Tq[T, T _1 ,t] and is therefore noetherian by Theorem 
1.4.5. of [MC-R]. 

The relations XR = t{R)X,YR = r _1 (i?)y, where R G %, imply that 
TqX + To = XTq + To . Moreover [X, Y ] € To . These remarks imply that 
Tq [X, Y] is an almost normalizing extension of To in the sense of [MC-R] 
(section 1.6.10.). As To is noetherian, this implies by Theorem 1.6.14. of 
[MC-R], that T [X,Y] is noetherian. 

□ 

6.5. Gelfand-Kirillov dimension. 

We will denote by GK. dim(7£) the Gelfand-Kirillov dimension of the algebra 
K. 

Theorem 6.5.1. One has GK. dim(T) = GK. dim {% [X]) = GK. dim(T [X- 1 ]) = 
GK. dim(T [y]) = GK. dim(T [A, Y}) = n + 2. 

Proof. We have seen in the proof of Theorem 16.4.11 that the algebras To [X] , 
T[A _1 ], To[F] are isomorphic to the skew polynomial algebra Tq[T,t] (or 
To[T, t -1 ]) and that the algebra Tq[X, X -1 ] is isomorphic to the skew algebra 
of Laurent polynomials Tq[T,T ,t]. 

An automorphism v of To is called locally algebraic if for any D € To, the 
set {v n (D),n € N} spans a finite dimensional vector space. We know from 
[L-M-O] (Prop.l) that if r is locally algebraic then GK. dim (To [T, r]) = 
GK. dim(T" [T, T~ 1 ,t\) = GK. dim(T ) + 1 (see also [Z]). 
Let us prove that r is locally algebraic in the preceding sense. The ele- 
ments D € To are in one to one correspondence with their Bernstein-Sato 
polynomial 6d. An easy computation shows that 6 T m)(a) = &xDx-i(a) = 
bo{si — 1). Therefore the Bernstein-Sato polynomials b T n^ have the same 
degree as br>. Hence the space spanned by the family b T n^ is finite dimen- 
sional, and r is locally algebraic. 

As To is a polynomial algebra in n + 1 variables (see Theorem 15. 2. 3D we 
have GK. dim(To) = n + 1 (see for example [MC-R], Prop. 8.1.15. p. 
282). Therefore GK.dim(T [X]) = GK. dim(To[A -1 ]) = GK. dim(T [Y]) = 
GK. dim(T LY, A" 1 ]) = n + 2. 

As T [A] C T [X, Y] C T [A, A -1 ], we have also GK. dim(T [A, Y])=n+2. 

□ 



7. Generators and relations for T [X,Y]. 
7.1. Generalized Smith algebras. 

Let R be a commutative associative algebra over C with unit element 1 and 
without zero divisors. Let / E R[i] be a polynomial in one variable with 
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coefficients in R and let n E N. In any associative algebra A the bracket of 
two elements a and b is denned by [a, b] = ab — ba. 

Definition 7.1.1. The (generalized) Smith algebra S(R,f,n) is the asso- 
ciative algebra over R with generators x,y,e subject to the relations 

[e,x] = (n + l)x, [e,y] = -(n+ l)y, [y,x] = f(e). 
Remark 7.1.2. 

1) In the case R = C and n = 0, the algebras S(C, /, 0) where introduced 
by Paul Smith in [Sm] as a class of algebras similar to the enveloping algebra 
U (5/2 (C)). He also developed a very interesting representation theory for 
these algebras (see [Sm]). 

2) One can prove, as in [Sm], that if the degree of / is 1, and if the leading 
coefficient is invertible in R, then S^R, /, n) is isomorphic to the enveloping 
algebra ^/(s^R))- 

Proposition 7.1.3. Let b the 2- dimensional Lie algebra overU, with basis 
{e, a} and relation [e,a] = (n + l)a. Let U(b) the enveloping algebra of b. 
Define an automorphism a oflA(b) by o~(a) = a and a(e) = e — (n + 1) and 
define also a a-derivation 5 ofU(b) by 5(a) = f(e) and 5(e) = 0. Then 
S(R,f,n) ~ U(b)[t, a, 5] (see the proof of Theorem 16,4.11 for the definition 
of the skew polynomial algebra U(b)[t, a, 5]). 

Proof. The proof is the same as the one given by P. Smith ([Sm], Prop. 
1.2.). It suffices to remark that the algebra U(b)[t, a, 5} is an algebra over R 
with generators s, a, t subject to the relations 

[e, a] = (n + l)a, 

at = ta(a) + 5(a) which is equivalent to at = ta + f(e), 

et = ta(e) + 5(e) which is equivalent to et = t(e — (n + 1)) = te — (n + l)t. 

Then the isomorphism 5(R, /, n) ~ U(b)[t, a, 5] is given by e 1 — > e, x 1 — > a 
and y 1 — ► t 

□ 

The following Corollary is also analogous to Corollary 1.3. in [Sm] and 
corresponds to a kind of Poincare-Birkoff-Witt Theorem for S^R, /, n). 

Corollary 7.1.4. 

S(R, /, n) is a noetherian domain with Ti-basis {y l x^e k , i,j, k E N} (or any 
similar family of ordered monomials obtained by permutation of the elements 
(y,x,e)). 

Proof, (compare with [Sm], proof of corollary 1.3 p. 288). We know from [C] 
or [MC-R] Th.1.2.9, that as U(b) is a noetherian domain, so is S(R,f,n) ~ 
U(b)[t,a,6}. Since 

u(b)[t, a, 5} = u(b) e u(b)t e u(b)t 2 e u(b)t 3 e • • • e u(b)t e e . . . 
= u(b) e tu(b) e t 2 u(b) e t 3 u(b) e • • • e t l u(b) e . . . 

(direct sums of R-modules) and since the Poincare-Birkhoff-Witt Theorem 
is still true for enveloping algebras of Lie algebras which are free over rings 
(see [Bou-1]), the ordered monomials in (y,x,e) beginning or ending with 
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y form a basis of the algebra 5(R, /, n) . To obtain the basis {e J y J x fc } 
or {x k y^e 1 } it suffices to replace the algebra b by the algebra b_ which is 
generated by e and y. 

□ 

Remark 7.1.5. The adjoint action of e (e i — ► [e, u]) on S(R,f,n) is semi- 
simple and gives a decomposition of 5(R, /, n) into weight spaces: 

S(RJ,n) = ®uezS(R,f,n) v 

where 5(R, /,n) I/ = {u € S(R,f,n), [e,u] = u(n + l)u}. As [e,x- ? y i e fc ] = 
(n + l)(j — i)y l x^e k , we obtain, using Corollary 17,1.41 that the ordered 
monomials of the form x l y l e k form an R-basis for S(R, f, n)°. Moreover 
as yx = xy + /(e), it is easy to sea that 5(R, /, n)° = R[xy, e] = R[yx, e], 
where R[xy, e] (resp. R[yx, e]) denotes the R-subalgebra generated by xy 
(resp. yx) end e. 

Lemma 7.1.6. There exists an element u £ R[t], which is unique up to 
addition of an element of R, such that 

f(t) = u(t + n + 1) - u(t) (7-1-1) 

Proof. Consider the R-linear map A : R[i] — ► R[i] defined by (AP)(i) = 
P(t + n + 1) - P(t). Define Pi[t] = ^t, then (APi)(i) = 1 and therefore 
the elements of R belong to the image of A. Suppose that the space R[i] fc 
of polynomials in R[t] of degree less than k belong to the image of A. 
Let P k+ 2{t) = t k+2 , then (AP k+2 )(t) = t k+l mod R[t] k+1 and therefore 
we have proved by induction that A is surjective. Moreover we see that 
ker(A) = R. 

□ 

The following result is similar to Propostion 1.5 in [Sm], one has just to 
be careful when working over an arbitrary ring, rather than C. It shows 
that, analogously to the enveloping algebra of SI2, there is a Casimir-like 
element which generates the center of S*(R, /, n) over R. 

Proposition 7.1.7. Let u be as in the preceding Lemma. Define 

ill = xy — u(e) and = xy + yx — u(e + n + 1) — u(e). 

Then Q2 — 2J7i and the center of S(R,f,n) is RS7i = Rf^. 

Proof. From the defining relations of 5(R, /, n), we have [y, x] = yx — xy = 
/(e) = u(e + n + 1) — u(e), hence yx = xy + u(e + n + 1) — u(e) and therefore 
n 2 = 20 x . 

Let us now prove that Q\ is central. As £ R[xy,e] = S(R, /, n)° 
(Remark 17. 1.5[) . we see that Q± commutes with e. 

From the defining relations of S(R, /, n) we have also [e, x] = ex — xe = 
(n + l)x, hence ex = x(e + n + 1) and therefore, for any k € N, e k = 
x{t + n + l) k . 

This implies of course that for any polynomial P E R[i] we have 

P(e)x = xP(e + n + 1) or P(e - n - l)x = xP(e). (7-1-2) 
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Similarly one proves that 

p(e)y = yP{e - n - 1) or P(e + n + l)y = yP{e). (7-1-3) 
Let us now show that Vt\ commutes with x: 

xQ\ = x(xy — u(e)) = x 2 y — xu(e) = x(yx — u(e + n + 1) + u(e)) — xu(e) 
= xyx — xu(e + n + 1) = xyx — u(e)x (using (7 — 1 — 2)) 
= £l±x. 

A similar calculation using (7 — 1 — 3) shows that commutes also with y. 
Hence f2i belongs to the center of S(R,f,n). 

Let now z be a central element of S(R.,f,n). Then z £ 5(R, /, n)°. 
We have S(R, f,n)° = H[xy,e] = R[f2i,e], and hence z can be written as 
follows: 

z = ^2 c i( e )^i (finite sum) 

where Cj(e) 6 R[e]. 
We have: 

= [z,x] = {J2ci(e)n\,x} = ^2[ci(e),x]n\ 

= ^2(d(e)x - xa(e))n[ = ^2x(a(e + n + l) - a(e))n[ (using (7-1-2)) 

= xQ2(.°i( e + n + l)- Ci(e))Q\) 

As the algebra S(R, f, n) has no zero divisors we get: 

Y / (c l (e + n + l)-c l (e))n\=0 (*) 

Let us now remark that the elements e 3 Vt l £ N) are free over R. 
Suppose that we have 

aije?Q,\ = with a^j G R. 

1,3 

As Oi = xy — n(e), we have 

n\ = x l y l modulo monomials in e k x p y p with p < i. 

Therefore for all we have cti t j = 0. Then from (*) and from Corollary 
17. 1,41 above we obtain Cj(e + n + 1) — q(e) = 0, for all and hence ci{t + 
n + 1) — Cj(t) = 0, for all From the proof of Lemma 17.1,61 we obtain 
that q G R, for all i. 

□ 

7.2. Some quotients of Generalized Smith Algebras. 

Let u G R[t] be an arbitrary polynomial with coefficients in R, and let 
n G N. 

Definition 7.2.1. The algebra U(R,u,n) is the associative algebra over~R 
with generators x, y, e subject to the relations 

[e, x] = (n + l)x, [e, y] = —{n + l)y, xy = u(e), yx = u(e + n + 1). 
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Remark 7.2.2. Let / G H[t] be defined by f(t) = u(t + n + 1) - u(t) (see 
Lemma l7.1.6p . Then, from the definitions we have: 

C/(R, u, n) = S(R, /, n)/(xy - u(e)) = 5(R, /, n)/(fii) 

where (xy — u(e)) is the ideal (automatically two-sided) generated by xy — 
u(e) = Q\. Again, as for 5(R, /, n), the adjoint action of e gives a decom- 
position of U (R, u, n) into weight spaces: 

U(R, u, n) = ® veZ U(R, u, n) v (7-2-1) 
where Z7(R, u, n) v = {v G U (R, u, n), [e, 5] = + l)i)}. 
Proposition 7.2.3. Lei u G R[i] and s G N. The H-linear mappings 
ip : R[i] — ► C/(R, it, n) ^ : R[t] — ► C/(R, u, n) 

P i — ► 99(F) = x s P(e) P 1 — ► V(-P) = y s P(e) 



are injective (in particular the subalgebra R[e] C U (R, n, n) generated by e 
is a polynomial algebra) . 

Proof. 

Define fit) = u(t + n + 1) — u(t). Every element of S(R, f, n) can be written 
in a unique way under the form 

Y a k) £, m e k x e y m (a k ,£, m G R) 

(Corollarv l7.1.4p . Therefore, from Remark l7.2.2l every element in {/ (R, u, n) 
can be written under the form: 

^2a kAm e k x e y m (a kAm E R). 

Let P(t) = Y^ P i=o a i^i ( a i G R) be a polynomial such that x s P(e) = (i.e. 
P E ker<p). As U(R,u,n) = S(K,f,n)/(Qi) (Remark E22J) , we see that 

v 

x s Y a i e i G (Oi) = {rSli, r G 5(R, /, n)}. 

i=0 

Therefore there exists a G 5"(R, /, n) such that 

v 

x s Y2 a i e% = = oi(xy — u(e)). 

i=0 

If a = Yl a k,e,m^ k x e y m , using the fact that Q\ = xy — u(e) is central and 
relation (7 — 1 — 2) we get: 
p 

x s Y <He' = ( Y a kAm e k x £ y m )(xy - u(e)) = Y a kAm e k x\xy - u(e))y m 

i=0 k,£,m k,£,m 



Y a k A m e k x i+1 y m+1 - Y a k ,£, m e k x e u(e)y r 

:,£,m k,£,m 

Y ak,£,me k x i+1 y m+1 - Y ^,£, m e k u(e - l(n + l))x e y m (**) 



k,£,m k,£,m 

Suppose now that then one can define 

£ = max{£ G N, 3k, m, a k e m ^ 0}. 
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Let fco,mo be such that o-k Q ,l ,mo 7^ 0- Prom (**) above we get: 
v 

x s ^a;e*+ a kAm e k u(e-e(n + l))x e y m = ^ a kAm e k x e+1 y m+1 . 

i=0 k,£,m k,£,m 

Using again (7 — 1 — 2) we obtain: 

^ ai(e _( n+ l) s )* + ^ akAm e k u(e-e(n+l))x £ y m = £ a kAm e k x i+1 y m+1 . 

i=0 k,£,m k,£,m 

The left hand side of the preceding equality does not contain the monomial 
gfco^/o+iym-o+i^ w h ereas the right hand side does. As the elements e k x^y m 
are a basis over R (Corollary IT.1.4H . we obtain a contradiction. Therefore 
a = 0, and hence x s Ya=o a i e% = an< ^ a gai n horn Corollary 17.1.41 we 
obtain that = for all i. This proves that ker ip = {0}. The proof for ip 
is similar. 

□ 

Corollary 7.2.4. Every element u in t/(R, u, n) can be written in a unique 
way under the form 

u= a k,eV £ e k + Y l 3 m,rx m e r 

l>0,k>0 m>0,r>0 

with a kj e,/3 mi r G R. 

Proof. From Corollary 17.1.41 and Remark 17.2.21 we know that any element 
in U (R, u, n) can be written (in a non unique way) as a linear combination, 
with coefficients in R, of the elements x l y^e k . 
Suppose that i > j. Then we have: 

x i y j e k = x i ~ j x j y j e k . 

As yx = u(e + n + 1) and xy = u(e), we see that x^yi = Qj(e), where Qj is 
a polynomial with coefficients in R. Therefore x l y^e k = 'Y^e^fix i ~"^er, with 
7^ G R. Similarly one can prove that if i < j, we have x l y^e k = S^^er, 
with 5i G R. This shows that any element u in £/(R, u, n) can be written 
under the expected form. 
Suppose now that: 

»k,ey e e k + J2 P m , r x m e r = 0. 

£>0,k>0 m>0,r>0 

Then, as y l e k G £7(R, u,n) and x m e r G U(R.,u,n) m , we deduce from (7 — 
2-1) that 

W > 0, a k,ey £ e k = 0, Vm > 0, ^ Pm,rX m e r = 0. 

k r 

Then from Proposition 17.2.31 we deduce that a k> g = and (3 m ^ r = 0. 

□ 
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7.3. Generators and relations for T [X,Y] = ~D(V + ) G ' . 

We know from Corollary 16.2.71 that any element H £ Tq can be written 
uniquely in the form H = uh(E), where uh £ Z(T)[t]. In particular XY = 
uxy(E). As the polynomial uxy will play an important role in the Theorem 
below, let us emphasize the connection between uxy and the Bernstein 
polynomial by. First remark that by = bxY- Moreover define by(r) = 
by(r — p). We know from section 5.2 that b Y is Sn+i-invariant and is the 
image under the the Harish-Chandra isomorphism 7 of the the G-invariant 
differential operator XY. In fact as XY = Dq (see (5 — 2 — 9), we have 
already compute b Y (see (5 — 2 — 17)): 

n , 
by(r)=U(n + -n) 
i=0 

From Corollary 16.2.51 this polynomial can be written uniquely in the form 

K ( r ) = Y ( r X r o +ri + -~ + r n ) j 
j 

where j3j € Z(T). Then from section 5.2 we obtain: 
Proposition 7.3.1. Keeping the notations above, we have 

Let us now state the main result of this section: 

Theorem 7.3.2. The mapping 

x\ — ► X, y 1 — >Y, e — ► E 

extends uniquely to an isomorphism of Z(T) -algebras between U(Z(T),uxy,n 
andT [X, Y]. 

Proof. As 

[E, X] = (n+l)X, [E, Y] = -(n+l)Y, XY = u XY (E), YX = u X y{E+i 

and as To = Z(T)[E] ~ Z(T~)[t], we know from the universal property of 
U(Z(T),uxy ,n), that the mapping 

x\ — > X, y 1 — >Y, e — > E 

extends uniquely to a surjective morphism of iJ(T)-algebras: 

<p:U(Z(T),u X Y,n)^T [X,Y]. 

Let u = J2e>o,k>o a k,ey i e k + Em>o,r>o^,^ m? e ker </> ( with a k,£,Pm,r e 
Z(T), see Corollary E23D • We have 

ip(u) = <p( a k/y £ e k + Y Pm, r x m e r ) 

£>0,k>0 m>0,r>0 
= Y a k,iY £ E k + Pm,rX m E r 
£>0,k>0 m>0,r>0 

= 

Then Corollary 16.2.71 implies that a^/ = f3 m ,r = 0) hence heap = {0}. 

□ 
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